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Disjunctive Existential Rules

HasParent(x, y) A HasSister(y, z) — HasAunt(x, z)
Human(x) — 3y .HasParent(x, y) A Human(y)
Animal(x) — Herbivore(x) v Carnivore(x) v Omnivore(x)
P(x,a,y) ARy, w) AS(w,x) — Fv.(R(w,v) A A(v)) V D(x)

—acts
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Disjunctive

—Xxistential Rules

HasParent(x, y) A HasSister(y, z) — HasAunt(x, z)
Human(x) — 3y .HasParent(x, y) A Human(y)
Animal(x) — Herbivore(x) v Carnivore(x) v Omnivore(x)
P(x,a,y) ARy, w) AS(w,x) — Fv.(R(w,v) A A(v)) V D(x)

—acts

If normalised, SROIQ

HasFriend(stan,kyle)  |ontologies can be translated into
Dead(kenny) equivalent programs of disjunctive
P(a,c,d) existential rules.



The Disjunctive Chase



The Disjunctive Chase

Director(x) — 3y.Directs(x, y) A Film(y)
Film(x) — 3z.IsDirectedBy(x, z) A Director(z)
Film(ai)
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The Skolem Disjunctive Chase

Director(x) — Directs(x, f,(x)) A Film( J,()
Film(x) — IsDirectedBy(x, f,(x)) A Director(f(x))
Film(ai)
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The Skolem
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The Skolem

Disjunctive Chase
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The Skolem

Disjunctive Chase

Director(x) — Directs(x, y(x)) A Film(y(x))
Film(x) — IsDirectedBy(x, z(x)) A Director(z(x))

Film(ai)

z(al) : Director

DirectedBy ¢

ai : Film
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The Skolem Disjunctive Chase
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The Skolem Disjunctive Chase

Director(x) — Directs(x, y(x)) A Film(y(x))
Film(x) — IsDirectedBy(x, z(x)) A Director(z(x))

Film(ai)
y(z(y(ai))) : Director
z(ai) : Director ®
DirectedBy DirectedBy
Directs
ai: Film

z(y(ai)) : Film
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The Skolem Disjunctive Chase
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The Skolem Disjunctive Chase

Director(x) — Directs(x, y(x)) A Film(y(x))
Film(x) — IsDirectedBy(x, z(x)) A Director(z(x))
Film(ai)

y(ai) : F

4
_a
®

: F

ail ai: F
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The Skolem Disjunctive Chase

Director(x) — Directs(x, y(x)) A Film(y(x))
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DB DB
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The Skolem Disjunctive Chase

Animal(x) — Vertebrate(x) v Invertebrate(x)
Animal(a) Animal(b)
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The Skolem Disjunctive Chase

Animal(x) — Vertebrate(x) v Invertebrate(x)
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The Skolem Disjunctive Chase

Animal(x) — Vertebrate(x) v Invertebrate(x)
Animal(a) Animal(b)

o
A:: b:A
.‘./\
V,A:a b:A o ©
LA:a DP:A
.‘./\ M%-AI
.3 b:AV o © ° aea T
V.Aza V,A:a Db:AI L A9 b:AV
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Ensuring Tractability of
the Disjunctive Chase



—xistential Dependency Graph

A(x) — 3y.S(x,y) A B(y)
B(x) = 3z.R(x,2) A D(2)
D(x) — E(x)
E(x) - Iw.R(x, w)
B(x) A C(x) = E(x)
S(x,y) = C(x)
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—xistential Dependency Graph

B(x) — R(x,z(x)) A D(z(x))
D(x) — E(x)
E(x) = R(x, w(x))
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5(¢, y(0)), B(y(c)) y
R(y(c), 2(y(c))), D(z(y(c)))

® =
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—xistential Dependency Graph

A(x) — 5(x, y(x)) A B(y(x))
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D(x) - E(x)
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B(x) A C(x) - E(x) A(c)
S(x,y) = C(x) S(c, y(c)), B(y(c)),
C(y(e)),
E(y(c)),

R(y(c), w(y(c)))
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(a) Acyclicity
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(a) Acyclicity

z(c)
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(a) Acyclicity

z(c)

w(z(c))

Tractable Query Answering for Expressive Ontologies and Rules David Carral, Irina Dragoste, Markus Krétzsch 10/23



(a) Acyclicity

z(c)
o ? Yw(z(c)))

w(z(c))
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(a) Acyclicity

z(c)
o ? Yw(z(c)))

w(z(c))

2(y(w(z(c))))
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(a) Acyclicity

w . If the existential
dependency graph of a given set
of rules is acyclic, then the set of
terms introduced during the
computation of the chase is finite.




(f) Arity at Most 1

Film(x) — Jy.IsFilmDirectedBy(x, y) A Director(y)
A(x) AB(x, w) A C(x,2) = Jz.R(x, w, 2)



(f) Arity at Most 1

Film(x) — 3y .IsFilmDirectedBy(x, y) A Director(y)
Film(x) — IsFilmDirectedBy(x, y(x)) A Director(y(x))
A(x) AB(x,y) AC(x,2) = 3z.R(x,y,2)
A(x) A B(x, w) A C(x,2) = R, w, z(x, w))



(f) Arity at Most 1

Film(x) — 3y .IsFilmDirectedBy(x, y) A Director(y)
Film(x) — IsFilmDirectedBy(x, y(x)) A Director(y(x))
A(x) AB(x,y) AC(x,2) = 3z.R(x,y,2)
A(x) A B(x, w) A C(x,2) = R, w, z(x, w))

[f the arity of every function symbol in the
Skolemisation of a program is at most 1, then every term
in the chase is of the form x1(...xn(c)...) with ¢ constant.



(f) Arity at Most 1

Hemark. If the arity of every function symbol in the

Skolemisation of a program is at most 1, then every term
in the chase is of the form x1(...xn(c)...) with ¢ constant.
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(f) Arity at Most 1

Hemark. If the arity of every function symbol in the
Skolemisation of a program is at most 1, then every term
in the chase is of the form x1(...xn(c)...) with ¢ constant.

Corollary. Every term
occurring in the chase
corresponds to a path
In the dependency
graph and a constant.
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Corollary. Every term
occurring in the chase
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In the dependency

graph and a constant.

y

Tractable Query Answering for Expressive Ontologies and Rules David Carral, Irina Dragoste, Markus Krétzsch 12/23



(f) Arity at Most 1

Hemark. If the arity of every function symbol in the
Skolemisation of a program is at most 1, then every term
in the chase is of the form x1(...xn(c)...) with ¢ constant.

Corollary. Every term A
occurring in the chase v(w(z(y(c)))
corresponds to a path M , YV(©)

In the dependency
graph and a constant.

y
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-nsuring Iractability
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-nsuring Iractability

(a) The dependency graph
Is acyclic.
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-nsuring Iractability

(a) The dependency graph
Is acyclic.

(f) The arity of all
function symbols in
the skolemisation of
the program is at
most 1.
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-nsuring Iractability

(a) The dependency graph

Is acyclic.

All skolem terms
(f) The arity of all correspond to some path in
function symbols in the dependency graph and
the skolemisation of some constant
the program is at
most 1.
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rule is bounded.



-nsuring Iractability

(a) The dependency graph

Is acyclic.

All skolem terms
(f) The arity of all correspond to some path in
function symbols in the dependency graph and
the skolemisation of some constant
the program is at
most 1.

Rules can be applied

(w) The number iIn polynomial time
W u

of variables per

rule is bounded. The number of facts is

polynomial in the
number of terms



-nsuring Iractability

(a) The dependency graph

Is acyclic.
All skolem terms
(f) The arity of all correspond to some path in
function symbols in the dependency graph and
the skolemisation of some constant
the program is at
most 1.
Rules can be app“ed The number of paths Ig
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-nsuring Iractability

(a) The dependency graph Polynomiality

Is acyclic.
All skolem terms
(f) The arity of all correspond to some path in
function symbols in the dependency graph and
the skolemisation of some constant
the program is at
most 1.
Rules can be app“ed The number of paths Ig
in polynomial time the dependency graph
(w) The number is polynomial

of variables per
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-nsuring Iractability

(a) The dependency graph >Polynomiality

Is acyclic. /
All skolem terms

(f) The arity of all correspond to some path in
function symbolsin 5 the dependency graph and
the skolemisation of some constant

the program is at

most 1.

The number of paths in
the dependency graph

Rules can be applied
iIn polynomial time

IS polynomial

of variables per ,
rule is bounded. = The number of facts is T
polynomial in the (?)

number of terms
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-nsuring Iractability
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All skolem terms
(f) The arity of all correspond to some path in
function symbols in the dependency graph and
the skolemisation of some constant
the program is at
most 1.
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rule is bounded. The number of facts is
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-nsuring Iractability

2. Horn rule set.

(a) The dependency graph >Polynomiality

is acyclic. /
All skolem terms

(f) The arity of all correspond to some path in

function symbolsin 5 the dependency graph and
the skolemisation of some constant

the program is at

most 1.

The number of paths in
the dependency graph

Rules can be applied
In polynomial time
(w) The number __— ROy

IS polynomial
of variables per .
rule is bounded. > Ihe number of facts is T
polynomial in the (b) The length of the braids in the
number of terms dependency graph is bounded.
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Evaluation



SRI Axioms

AN...MA,EB » AX)A...AA,x) — Bx)
ACB/U...UB, » A(X) = B,(x)V...VB(x)
ACVR.B » A(y)AR(x,y) — B(x)
AC3IR.B » A(x) — Iy.R(x,y) A B(Y)
RES —~ R(xy) — S(x,y)
RoeSCV —» R Y)ASH,2) = S(x,2)
RM..ORCS = R(XYA...AR(xY — Sk
A(a) — Aa)
R(a,b) — R(a,Db)

Tractable Query Answering for Expressive Ontologies and Rules David Carral, Irina Dragoste, Markus Krétzsch 17/23




An..NA CB
ACB/U...UB,
ACVR.B
AC3dR.B
RLCS
R-SCV
RMN..MRLCS
A(a)

R(a, b)
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SRI| Axioms

AlX)A ... NA (x) = B(x)

A(x) = B{(x) V...V B, (x)

A(y) A R(x,y) — B(x)

A(x) - dy.R(x,y) A B(y)
R(x,y) — S(x,y)

R(x,y) A S(y,2) = S(x,2)

Ri(x, ) A ... AR (x,y) = S(x,y)
A(a)

R(a, b)

Femark 1. Deciding CQ
entailment for SRI ontologies is

2ExpTime-Hard and in 3ExpTime.
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SRI| Axioms

AnNn..MNAEB » AXA...ANA,(x) = B(x)
ACB/U...UuB, » Ax)— B|((x)V...VB/(x)
ACVR.B —» A()AR(x,y) - B(x)
ACIJdR.B » A(x) —» 3dy.R(x,y) A B(y)
RCS » R,y — Sx,y)
ReSCV — R y)ASH,2) = Sk,2)
Rim...MR,ES = REGYA ... ARXY) = SXY) | Remark 1. Deciding CQ
A(a) —» A(a) entailment for SRI ontologies is
R(a,b) — R(a,b) 2ExpTime-Hard and in 3ExpTime.
Remarks.

1. Every rule in a SRI ontology has at most 3 variables.
2. Every function symbol in the skolemisation of a SRI ontology is of arity one.
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SRI| Axioms

Hemarks.
1. Every rule in an OWL ontology has at most 3 variables.
2. Every function symbol in the skolemisation of a SR

ontology has arity one
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SRI| Axioms

Hemarks.
1. Every rule in an OWL ontology has at most 3 variables.
2. Every function symbol in the skolemisation of a SR

ontology has arity one

Corollary. To guarantee that tractable reasoning over a SRI
ontology is possible we only need to verity the following:

1. Acyclicity.

2. Braid length in the dependency graph is bounded.
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—valuation Results
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—valuation Results
Acyclicity

MOWL Corpus Oxford Ontology Repo
Ontologies 1576 225
Acyclic 974 (61.8%) 170 (75.6%)
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—valuation Results
Acyclicity
MOWL Corpus Oxford Ontology Repo
Ontologies 1576 225
Acyclic 974 (61.8%) 170 (75.6%)

Braid Length

MOWL Corpus + Oxford

(max. length

of abrad)| | 2 3 4 5 6 | 11 | 22 | 23 | 25 |Total
(count)| 851 | 153 | 56 | 61 | 11 1 1 2 7 1 (1144
(%) 74 | 88 | 93 | 98 | 99 | 99 | 99 |99.1]/99.3/99.9| 100
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Conclusions



More Results!

(a, f, b, w, p)

coNP /P /
(a b, w) 7 (afbp) T Ky
./’//coNPNP/NP. (a, f,.w, 9) (a, b,.w, 9)
(a, f, p)
7 a ED) (afw) P b, w) (a, b, p) (a, w, p)
g CONEXPTIME/EXPTIME/,’/
(af) .7 (ab)  (aw (ap)
o coN2ExPTIME/2ExPTIME

/
[ ]

(a)
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Conclusions

Efficient CQ Answering over a
large subset of OWL 2 real-
world ontologies Is possible!
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Conclusions

Efficient CQ Answering over a
large subset of OWL 2 real-
world ontologies Is possible!

Future work:

- Implementation of a chase based
reasoner for these ontologies

- Refine conditions
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