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 THE BULLETIN OF SYMBOLIC LOGIC

 VROXPH 3, NXPbHU 1, MaUcK 1997

 ON THE DECISION PROBLEM FOR

 TWO-VARIABLE FIRST-ORDER LOGIC

 ERICH GRADEL, PHOKION G. KOLAITIS AND MOSHE Y. VARDI

 AbVWUacW. WH LdHQWLI\ WKH cRPSXWaWLRQaO cRPSOH[LW\ RI WKH VaWLVILabLOLW\ SURbOHP IRU FO2,
 WKH IUaJPHQW RI ILUVW-RUdHU ORJLc cRQVLVWLQJ RI aOO UHOaWLRQaO ILUVW-RUdHU VHQWHQcHV ZLWK aW PRVW
 WZR dLVWLQcW YaULabOHV. AOWKRXJK WKLV IUaJPHQW ZaV VKRZQ WR bH dHcLdabOH a ORQJ WLPH aJR,
 WKH cRPSXWaWLRQaO cRPSOH[LW\ RI LWV dHcLVLRQ SURbOHP KaV QRW bHHQ SLQSRLQWHd VR IaU. IQ 1975
 MRUWLPHU SURYHd WKaW FO2 KaV WKHILQLWH-PRdHOSURSHUW\, ZKLcK PHaQV WKaW LI aQ FO2-VHQWHQcH
 LV VaWLVILabOH, WKHQ LW KaV a ILQLWH PRdHO. MRUHRYHU, MRUWLPHU VKRZHd WKaW HYHU\ VaWLVILabOH
 FO2-VHQWHQcH KaV a PRdHO ZKRVH VL]H LV aW PRVW dRXbO\ H[SRQHQWLaO LQ WKH VL]H RI WKH VHQWHQcH.
 IQ WKLV SaSHU, ZH LPSURYH MRUWLPHU'V bRXQd b\ RQH H[SRQHQWLaO aQd VKRZ WKaW HYHU\ VaWLVILabOH
 FO2-VHQWHQcH KaV a PRdHO ZKRVH VL]H LV aW PRVW H[SRQHQWLaO LQ WKH VL]H RI WKH VHQWHQcH. AV a
 cRQVHTXHQcH, ZH HVWabOLVK WKaW WKH VaWLVILabLOLW\ SURbOHP IRU FO2 LV NEXPTIME-cRPSOHWH.

 ?1. IQWURdXcWLRQ. OQcH WKH VaWLVILabLOLW\ SURbOHP IRU ILUVW-RUdHU ORJLc ZaV
 VKRZQ WR bH XQdHcLdabOH [12, 55], ORJLcLaQV HPbaUNHd RQ aQ aPbLWLRXV SURMHcW
 aLPLQJ WR dHOLQHaWH WKH bRXQdaU\ bHWZHHQ dHcLdabOH aQd XQdHcLdabOH IUaJ-
 PHQWV RI ILUVW-RUdHU ORJLc. IQ WKLV SURMHcW, WKH PaLQ IRcXV ZaV RQ SUHIL[
 cOaVVHV aQd SUHIL[-YRcabXOaU\ cOaVVHV, WKaW LV, RQ cROOHcWLRQV RI ILUVW-RUdHU
 VHQWHQcHV LQ SUHQH[ QRUPaO IRUP dHILQHd b\ LPSRVLQJ UHVWULcWLRQV RQ WKH
 TXaQWLILHU SUHIL[ RU b\ LPSRVLQJ UHVWULcWLRQV RQ bRWK WKH TXaQWLILHU SUHIL[
 aQd WKH YRcabXOaU\ RI IXQcWLRQ aQd UHOaWLRQ V\PbROV. FRU H[aPSOH, WKH
 AEA cOaVV cRQVLVWV RI aOO UHOaWLRQaO (L.H., ZLWKRXW IXQcWLRQ V\PbROV) ILUVW-
 RUdHU VHQWHQcHV ZLWK TXaQWLILHU SUHIL[ RI WKH IRUP V3V. AIWHU WRLOLQJ RQ WKLV
 SURMHcW IRU aOPRVW ILIW\ \HaUV, UHVHaUcKHUV ZHUH ILQaOO\ abOH WR LdHQWLI\ WKH dL-
 YLdLQJ OLQH bHWZHHQ dHcLdabLOLW\ aQd XQdHcLdabLOLW\ IRU aOO SUHIL[-YRcabXOaU\
 cOaVVHV RI ILUVW-RUdHU IRUPXOaV [15, 41, 23, 6]. MRUHRYHU, aQ HIIRUW ZaV PadH
 WR SLQSRLQW WKH cRPSXWaWLRQaO cRPSOH[LW\ RI WKH dHcLVLRQ SURbOHP IRU WKH
 dHcLdabOH cOaVVHV [6, 18, 24, 25, 37, 42].

 A dLIIHUHQW Za\ WR RbWaLQ V\QWacWLc IUaJPHQWV RI ILUVW-RUdHU ORJLc LV WR
 SaUWLWLRQ WKH IRUPXOaV accRUdLQJ WR WKH QXPbHU RI WKHLU YaULabOHV. MRUH
 SUHcLVHO\, N-YaULabOH ILUVW-RUdHU ORJLc FON cRQVLVWV RI aOO UHOaWLRQaO ILUVW-RUdHU
 IRUPXOaV cRQWaLQLQJ aW PRVW N dLIIHUHQW LQdLYLdXaO YaULabOHV, N > 1. TKHVH
 IUaJPHQWV ZHUH LQWURdXcHd b\ HHQNLQ [30], ZKR LQYHVWLJaWHd cHUWaLQ aVSHcWV

 RHcHLYHd SHSWHPbHU 12, 1996; accHSWHd OcWRbHU 7, 1996; UHYLVHd JaQXaU\ 23, 1997.
 DXULQJ WKH SUHSaUaWLRQ RI WKLV SaSHU KROaLWLV aQd VaUdL ZHUH VXSSRUWHd b\ NSF JUaQWV.

 ? 1997, AVVRcLaWLRQ IRU S\PbROLc LRJLc
 1079-8986/97/0301-0003/$2.70
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 RI WKHLU SURRI WKHRU\. IQ UHcHQW \HaUV, bRWK N-YaULabOH ILUVW-RUdHU ORJLcV aQd
 N-YaULabOH LQILQLWaU\ ORJLcV JaLQHd SRSXOaULW\ LQ WKH cRQWH[W RI ILQLWH-PRdHO
 WKHRU\, ZKHUH WKH\ KaYH bHHQ WKH IRcXV RI H[WHQVLYH VWXd\, VLQcH WKH QXPbHU
 RI YaULabOHV LV cRQVLdHUHd a ORJLcaO UHVRXUcH LQ dHVcULSWLYH cRPSOH[LW\ WKHRU\
 aQd VLQcH ORJLcV ZLWK IL[SRLQW cRQVWUXcWV caQ bH YLHZHd aV HIIHcWLYH IUaJPHQWV
 RI N-YaULabOH LQILQLWaU\ ORJLcV (VHH [9, 14, 31, 33, 34, 35, 38, 39, 46, 56]).
 NRWH WKaW WKH cOaVV AEA PHQWLRQHd abRYH LV cRQWaLQHd LQ F03. SLQcH WKH
 VaWLVILabLOLW\ SURbOHP IRU WKH AEA cOaVV LV XQdHcLdabOH (VHH [6, 41]), LW IROORZV
 WKaW FO3, HYHQ ZLWKRXW HTXaOLW\, LV XQdHcLdabOH. TKLV PRWLYaWHV WKH VWXd\ RI
 WKH dHcLVLRQ SURbOHP IRU FO2, aV FO2 aQd FO3 Pa\ YHU\ ZHOO bH RQ RSSRVLWH
 VLdHV RI WKH bRXQdaU\ bHWZHHQ WKH dHcLdabOH aQd WKH XQdHcLdabOH.

 MRdaO ORJLc SURYLdHV aQRWKHU PRWLYaWLRQ IRU VWXd\LQJ WKH cRPSOH[LW\ RI
 WKH dHcLVLRQ SURbOHP IRU FO2. MRdaO ORJLc caQ bH dHVcULbHd VXccLQcWO\ aV WKH
 ORJLc RI QHcHVVLW\ aQd SRVVLbLOLW\, RI "PXVW bH" aQd "Pa\ bH". NRWH WKaW RQH
 VKRXOd QRW WaNH "QHcHVVLW\" aQd "SRVVLbLOLW\" OLWHUaOO\, aV WKHLU PHaQLQJ Pa\
 bH adaSWHd WR WKH VLWXaWLRQ aW KaQd. FRU H[aPSOH, "QHcHVVaULO\" caQ PHaQ
 "accRUdLQJ WR WKH OaZV RI SK\VLcV", RU "accRUdLQJ WR P\ bHOLHIV", RU HYHQ "aI-
 WHU WKH SURJUaP WHUPLQaWHV". FRU WKLV UHaVRQ, LQ UHcHQW \HaUV PRdaO ORJLc KaV
 bHHQ aSSOLHd WR QXPHURXV aUHaV RI cRPSXWHU VcLHQcH, LQcOXdLQJ aUWLILcLaO LQ-
 WHOOLJHQcH [7, 44], SURJUaP YHULILcaWLRQ [48, 47], KaUdZaUH YHULILcaWLRQ [5, 51],
 daWabaVH WKHRU\ [10, 13, 43], aQd dLVWULbXWHd cRPSXWLQJ [8, 28]. TKH aWWUac-
 WLYHQHVV RI PRdaO ORJLc IRU IRUPaO UHaVRQLQJ VWHPV WR a OaUJH dHJUHH IURP WKH
 IacW WKaW SURSRVLWLRQaO PRdaO ORJLc LV dHcLdabOH LQ a YHU\ URbXVW Za\, aV KaV
 bHHQ aPSO\ dHPRQVWUaWHd (VHH [11, 17, 29, 40, 49, 54, 58]). TKH URbXVW dHcLd-
 abLOLW\ RI SURSRVLWLRQaO PRdaO ORJLc LV acWXaOO\ UaWKHU VXUSULVLQJ. IQ VSLWH RI
 WKH adMHcWLYH "SURSRVLWLRQaO", LW LV ZHOO XQdHUVWRRd WKaW SURSRVLWLRQaO PRdaO
 ORJLc LV HVVHQWLaOO\ a IUaJPHQW RI ILUVW-RUdHU ORJLc, ZKHUH WKH PRdaOLWLHV O
 ("QHcHVVaULO\") aQd O ("SRVVLbO\") aUH LQWULQVLcaOO\ XQLYHUVaO aQd H[LVWHQWLaO
 TXaQWLILHUV, UHVSHcWLYHO\ [1, 2]. WKaW, WKHQ, PaNHV SURSRVLWLRQaO PRdaO ORJLc
 VR URbXVWO\ dHcLdabOH? TR aQVZHU WKLV TXHVWLRQ, ZH KaYH WR WaNH a cORVH ORRN
 aW SURSRVLWLRQaO PRdaO ORJLc aV a ILUVW-RUdHU ORJLc. A caUHIXO H[aPLQaWLRQ
 UHYHaOV WKaW SURSRVLWLRQaO PRdaO ORJLc caQ LQ IacW bH YLHZHd aV a IUaJPHQW
 RI FO2 ZLWKRXW HTXaOLW\ (VHH [20, 3]). TKXV, a dHcLdabLOLW\ UHVXOW IRU FO2
 ZRXOd H[SOaLQ WKH dHcLdabLOLW\ RI SURSRVLWLRQaO PRdaO ORJLc. MRUHRYHU, a
 UHVXOW LdHQWLI\LQJ WKH SUHcLVH cRPSOH[LW\ RI FO2 ZRXOd aOVR SURYLdH aQ XSSHU
 bRXQd IRU WKH cRPSXWaWLRQaO cRPSOH[LW\ RI SURSRVLWLRQaO PRdaO ORJLc aQd
 VHYHUaO RI LWV YaULaQWV (VHH [57]).

 IW VKRXOd bH QRWHd WKaW WKH SUHVHQcH RU abVHQcH RI HTXaOLW\ Pa\ caXVH
 WKH bRXQdaU\ bHWZHHQ dHcLdabLOLW\ aQd XQdHcLdabLOLW\ WR VKLIW. TKH PRVW
 VWULNLQJ LQVWaQcH RI WKLV SKHQRPHQRQ LV WKH GRdHO cOaVV, WKaW LV, WKH cOaVV RI
 UHOaWLRQaO ILUVW-RUdHU VHQWHQcHV ZLWK TXaQWLILHU SUHIL[ RI WKH IRUP 3*W3* (a
 VWULQJ cRQVLVWLQJ RI aQ aUbLWUaU\ QXPbHU RI H[LVWHQWLaO TXaQWLILHUV, IROORZHd
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 b\ SUHcLVHO\ WZR XQLYHUVaO TXaQWLILHUV, IROORZHd b\ aQ aUbLWUaU\ QXPbHU RI
 H[LVWHQWLaO TXaQWLILHUV). GRdHO [21], KaOPaU [36], aQd ScKLLWWH [52] VKRZHd
 LQdHSHQdHQWO\ WKaW WKLV cOaVV LV dHcLdabOH, SURYLdHd QR RccXUUHQcH RI WKH
 HTXaOLW\ V\PbRO LV aOORZHd LQ WKH VHQWHQcHV RI WKH cOaVV. IQ a VHcRQd SaSHU
 [22], GRdHO aOVR HVWabOLVKHd WKaW WKLV cOaVV KaV WKH ILQLWH PRdHO SURSHUW\:
 HYHU\ VaWLVILabOH VHQWHQcH LQ WKLV cOaVV KaV a ILQLWH PRdHO (WKLV SURSHUW\ LV
 RIWHQ UHIHUUHd WR aV ILQLWH cRQWUROOabLOLW\). AW WKH HQd RI WKLV SaSHU GRdHO
 cOaLPHd, ZLWKRXW VXbVWaQWLaWLRQ, WKaW KLV SURRI SHUVLVWV LQ WKH SUHVHQcH RI
 HTXaOLW\. TKLV cOaLP, KRZHYHU, ZaV UHIXWHd b\ GROdIaUb [23], ZKR HVWabOLVKHd
 WKaW HYHQ WKH PLQLPaO G6dHO cOaVV, ZLWK TXaQWLILHU SUHIL[ RI WKH IRUP W3,
 bHcRPHV XQdHcLdabOH RQcH HTXaOLW\ LV aOORZHd.
 TKH SUHVHQcH RU abVHQcH RI HTXaOLW\ Pa\ aOVR aIIHcW WKH cRPSXWaWLRQaO

 cRPSOH[LW\ RI WKH VaWLVILabLOLW\ SURbOHP IRU dHcLdabOH cOaVVHV. A caVH LQ
 SRLQW LV WKH AcNHUPaQQ cOaVV, ZKLcK cRQVLVWV RI aOO UHOaWLRQaO ILUVW-RUdHU
 VHQWHQcHV ZLWK TXaQWLILHU SUHIL[ RI WKH IRUP 3*V3*. IQdHHd, WKH VaWLVILabLOLW\
 SURbOHP IRU WKH AcNHUPaQQ cOaVV ZLWKRXW HTXaOLW\ LV EXPTIME-cRPSOHWH
 [41, 18], ZKHUHaV WKH VaPH SURbOHP IRU WKH AcNHUPaQQ cOaVV ZLWK HTXaOLW\
 LV NEXPTIME-cRPSOHWH [37]. A PRUH dUaPaWLc H[aPSOH LV SURYLdHd b\
 WKH RabLQ cOaVV, ZKLcK cRQVLVWV RI aOO ILUVW-RUdHU VHQWHQcHV ZLWK aUbLWUaU\
 TXaQWLILHU SUHIL[, RQH XQaU\ IXQcWLRQ V\PbRO, aQd aQ aUbLWUaU\ QXPbHU RI
 XQaU\ UHOaWLRQ V\PbROV (bXW QR IXQcWLRQ RU UHOaWLRQ V\PbROV RI KLJKHU aULW\).
 TKH VaWLVILabLOLW\ SURbOHP IRU WKLV cOaVV ZLWKRXW HTXaOLW\ LV NEXPTIME-
 cRPSOHWH. OQ WKH RWKHU KaQd, WKH VaPH cOaVV ZLWK HTXaOLW\ LV dHcLdabOH, bXW
 QRW HOHPHQWaU\ UHcXUVLYH, WKaW LV, WKH WLPH cRPSOH[LW\ RI WKH dHcLVLRQ SURbOHP
 H[cHHdV aQ\ cRQVWaQW QXPbHU RI LWHUaWLRQV RI WKH H[SRQHQWLaO IXQcWLRQ (VHH
 [6]).

 FRU cHUWaLQ RWKHU cOaVVHV, KRZHYHU, WKH SUHVHQcH RI HTXaOLW\ PaNHV QR HV-
 VHQWLaO dLIIHUHQcH. CRQVLdHU, IRU H[aPSOH, WKH BHUQa\V-ScK6QILQNHO-RaPVH\
 cOaVV, ZKLcK cRQVLVWV RI aOO UHOaWLRQaO ILUVW-RUdHU VHQWHQcHV ZLWK TXaQWLILHU
 SUHIL[ RI WKH IRUP 3*V*. TKH VaWLVILabLOLW\ SURbOHP IRU WKLV cOaVV ZLWKRXW
 HTXaOLW\ ZaV VKRZQ WR bH dHcLdabOH b\ BHUQa\V aQd ScK6QILQNHO [4]; PRUH-
 RYHU, RaPVH\ [50] H[WHQdHd WKLV UHVXOW1 WR WKH caVH ZLWK HTXaOLW\. LHZLV
 [42] VKRZHd WKaW WKH VaWLVILabLOLW\ SURbOHP IRU WKLV cOaVV ZLWKRXW HTXaOLW\ LV
 NEXPTIME-cRPSOHWH; LW LV HaV\ WR VHH WKaW WKH VaPH KROdV WUXH IRU WKH caVH
 ZLWK HTXaOLW\.

 TKH ILUVW dHcLdabLOLW\ UHVXOW IRU FO2 ZaV RbWaLQHd b\ ScRWW [53], ZKR VKRZHd
 WKaW WKH dHcLVLRQ SURbOHP IRU FO2 caQ bH UHdXcHd WR WKaW RI WKH G6dHO cOaVV.
 SLQcH, aV PHQWLRQHd abRYH, RQO\ WKH G6dHO cOaVV ZLWKRXW HTXaOLW\ LV dHcLdabOH,
 ScRWW'V UHdXcWLRQ \LHOdV WKH dHcLdabLOLW\ RI F02 ZLWKRXW HTXaOLW\, bXW dRHV

 IQ IacW, RaPVH\ SURYHd a PXcK VWURQJHU UHVXOW, QaPHO\, WKaW WKH VSHcWUXP RI HYHU\ VXcK
 VHQWHQcH LV HLWKHU ILQLWH RU cRILQLWH. IW ZaV IRU WKH SURRI RI WKLV UHVXOW WKaW RaPVH\ dHYHORSHd
 KLV cHOHbUaWHd cRPbLQaWRULaO WKHRUHPV.
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 QRW cRYHU WKH caVH RI FO2 ZLWK HTXaOLW\. TKH IXOO cOaVV FO2 ZaV cRQVLdHUHd
 b\ MRUWLPHU [45]. HH SURYHd WKaW WKLV cOaVV LV dHcLdabOH b\ VKRZLQJ WKaW
 LW KaV WKH ILQLWH PRdHO SURSHUW\. AQ aQaO\VLV RI KLV SURRI VKRZV WKaW KH
 acWXaOO\ HVWabOLVKHd a bRXQdHd PRdHO SURSHUW\ IRU FO2: LI a FO2-VHQWHQcH
 TS LV VaWLVILabOH, WKHQ LW LV VaWLVILabOH LQ a PRdHO ZKRVH VL]H LV aW PRVW dRXbO\
 H[SRQHQWLaO LQ WKH OHQJWK RI 0. IW IROORZV WKaW VaWLVILabLOLW\ RI FO2 ZLWK
 HTXaOLW\ LV dHcLdabOH LQ QRQdHWHUPLQLVWLc dRXbO\ H[SRQHQWLaO WLPH, VLQcH WR
 cKHcN ZKHWKHU a FO2-VHQWHQcH S ZLWK HTXaOLW\ LV VaWLVILabOH ZH VLPSO\ JXHVV
 a ILQLWH VWUXcWXUH A RI VL]H aW PRVW dRXbO\ H[SRQHQWLaO LQ WKH OHQJWK RI S aQd
 YHULI\ WKaW A = RS.

 IQ WKLV SaSHU ZH WaNH a cORVHU ORRN aW WKH dHcLVLRQ SURbOHP IRU FO2, ZLWK WKH
 aLP RI SLQSRLQWLQJ LWV cRPSXWaWLRQaO cRPSOH[LW\ aQd, WKXV, cRQWULbXWLQJ a
 PLVVLQJ SaUW WR WKH cRPSOH[LW\-WKHRUHWLc aQaO\VLV RI WKH dHcLdabOH IUaJPHQWV
 RI ILUVW-RUdHU ORJLc. TKH PaLQ UHVXOW RI WKLV SaSHU LV WKaW WKH VaWLVILabLOLW\ SURb-
 OHP IRU FO2 ZLWK HTXaOLW\ LV NEXPTIME-cRPSOHWH. IQ SaUWLcXOaU, WKLV QHZ
 XSSHU bRXQd IRU WKH VaWLVILabLOLW\ SURbOHP IRU FO2 ZLWK HTXaOLW\ LPSURYHV
 MRUWLPHU'V XSSHU bRXQd b\ RQH H[SRQHQWLaO. TR RbWaLQ WKLV LPSURYHPHQW,
 ZH UHYLVLW ScRWW'V UHdXcWLRQ aQd RbVHUYH WKaW LQ IacW LW UHdXcHV FO2 WR a SURSHU
 IUaJPHQW RI WKH GRdHO cOaVV. TKLV IUaJPHQW, ZKLcK ZH caOO WKH ScRWW cOaVV,
 cRQVLVWV RI aOO ILUVW-RUdHU VHQWHQcHV ZLWK HTXaOLW\ WKaW aUH cRQMXQcWLRQV RI
 VHQWHQcHV ZLWK TXaQWLILHU SUHIL[HV RI WKH IRUP W aQd V3. WH VKRZ WKaW
 b\ UHIUaLQLQJ IURP cRQYHUWLQJ WKHVH VHQWHQcHV WR SUHQH[ QRUPaO IRUP (aQd
 YLHZLQJ WKHP aV VHQWHQcHV LQ WKH GRdHO cOaVV) ZH caQ UHaOL]H a VLJQLILcaQW
 dHcUHaVH LQ cRPSOH[LW\. SSHcLILcaOO\, ZH HVWabOLVK aQ H[SRQHQWLaO PRdHO SURS-
 HUW\ IRU WKH ScRWW cOaVV: LI a VHQWHQcH TS LQ WKLV cOaVV LV VaWLVILabOH, WKHQ LW LV
 VaWLVILabOH LQ a PRdHO ZKRVH VL]H LV aW PRVW H[SRQHQWLaO LQ WKH VL]H RI TS.

 TKH ORZHU bRXQd IRU WKH cRPSOH[LW\ RI WKH VaWLVILabLOLW\ SURbOHP IRU F02
 IROORZV IURP UHVXOWV RI FLLUHU [19], ZKR, bXLOdLQJ RQ HaUOLHU ZRUN b\ LHZLV
 [42], HVWabOLVKHd WKaW WKH VaWLVILabLOLW\ SURbOHP RI WAV3 ILUVW-RUdHU VHQWHQcHV
 ZLWKRXW HTXaOLW\ (WKaW LV, VHQWHQcHV WKaW aUH a cRQMXQcWLRQ RI a VLQJOH W
 VHQWHQcH ZLWKRXW HTXaOLW\ aQd a VLQJOH V3 VHQWHQcH ZLWKRXW HTXaOLW\) LV
 NEXPTIME-KaUd. TKXV, HTXaOLW\ PaNHV QR dLIIHUHQcH WR WKH cRPSOH[LW\ RI
 WKH VaWLVILabLOLW\ SURbOHP IRU FO2.

 ?2. FLUVW-RUdHU ORJLc ZLWK a IL[Hd QXPbHU RI YaULabOHV. WH cRQVLdHU ILUVW-
 RUdHU ORJLc FO ZLWK HTXaOLW\ RYHU a IL[Hd UHOaWLRQaO YRcabXOaU\. TKH N-
 YaULabOHILUVW-RUdHU ORJLc FON cRQVLVWV RI aOO IRUPXOaV RI FO ZLWK aW PRVW N
 dLVWLQcW LQdLYLdXaO YaULabOHV. TKXV,

 FO = UNO FON.

 TKH H[SUHVVLYH SRZHU RI WKH ORJLcV FON, N > 1, RQ JUaSKV G = (V, E) LV
 XVXaOO\ LOOXVWUaWHd b\ WKH IacW WKaW IRU aQ\ Q > 1 WKH SURSHUW\ "WKHUH LV a SaWK
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 RI OHQJWK Q IURP [ WR \" LV H[SUHVVLbOH b\ a IRUPXOa S, ([, \) RI F03. IQdHHd,
 SXW SO([,\) - E([,\) aQd aVVXPH, b\ LQdXcWLRQ RQ Q, WKaW SQ_([, \) LV
 a IRUPXOa RI FO3 aVVHUWLQJ WKaW "WKHUH LV a SaWK RI OHQJWK Q IURP [ WR \"
 TKHQ WKH dHVLUHd IRUPXOa SQ ([, \) LV

 (3])[E([,]) A (3[)([ = ] A SQL([, \))].

 NRWH WKaW aQ\ IRUPXOa LQ SUHQH[ QRUPaO IRUP WKaW LV HTXLYaOHQW WR S, ([, \)
 UHTXLUHV aW OHaVW Q + 1 YaULabOHV, ZKLOH S,([, \) XVHV RQO\ WKH YaULabOHV [,
 \, aQd ] (WKH YaULabOHV [ aQd ] KaYH PaQ\ RccXUUHQcHV LQ SQ ([, \)). NH[W,
 cRQVLdHU WKH SURSHUW\ "WKHUH aUH aW OHaVW Q dLVWLQcW HOHPHQWV", ZKLcK, LQ
 JHQHUaO, caQ QRW bH H[SUHVVHd b\ aQ\ ILUVW-RUdHU VHQWHQcH ZLWK IHZHU WKaQ Q
 YaULabOHV. II, KRZHYHU, ZH UHVWULcW RXUVHOYHV WR OLQHaU RUdHUV P = (P, <), WKHQ
 IRU HYHU\ Q > 1 WKHUH LV a VHQWHQcH XQ RI FO2 aVVHUWLQJ "WKHUH aUH aW OHaVW Q
 dLVWLQcW HOHPHQWV". FRU H[aPSOH, X4 LV WKH VHQWHQcH

 (3[)(3\)[[ < \ A (3[)(\ < [ A (3\)([ < \))].

 ?3. FO2 aQd ScRWW'V UHdXcWLRQ. TKH VaWLVILabLOLW\ SURbOHP IRU FO2 ZaV ILUVW
 VWXdLHd b\ ScRWW [53], ZKR VKRZHd WKaW LW caQ bH UHdXcHd WR WKH VaWLVILabLOLW\
 SURbOHP IRU WKH GRdHO cOaVV, WKaW LV, WKH cOaVV RI VHQWHQcHV ZLWK TXaQWLILHU
 SUHIL[ RI WKH IRUP W3*.

 SXSSRVH WKaW 0 LV a VHQWHQcH LQ FO2 ZLWK LQdLYLdXaO YaULabOHV [ aQd \.
 LHW V bH WKH VL]H RI 0, WKaW LV, WKH OHQJWK RI a VWULQJ HQcRdLQJ / RYHU VRPH
 IL[Hd aOSKabHW. BHIRUH dHVcULbLQJ ScRWW'V UHdXcWLRQ, ZH ZaQW WR UHPRYH aOO
 UHOaWLRQ V\PbROV RI aULW\ bLJJHU WKaQ 2. MRUH SUHcLVHO\, JLYHQ T aV abRYH,
 ZH ZLOO cRQVWUXcW LQ SRO\QRPLaO WLPH aQ FO2-VHQWHQcH 4' ZLWK WKH IROORZLQJ
 SURSHUWLHV:

 (1) 0 LV VaWLVILabOH LI aQd RQO\ LI 4' LV VaWLVILabOH. FXUWKHUPRUH, IRU HYHU\
 ILQLWH PRdHO RI T' WKHUH LV a ILQLWH PRdHO RI ( RI WKH VaPH caUdLQaOLW\.

 (2) EYHU\ UHOaWLRQ V\PbRO RccXUULQJ LQ 4' KaV aULW\ aW PRVW 2.
 (3) T' cRQWaLQV O(V/ ORJ V) dLIIHUHQW UHOaWLRQ V\PbROV aQd LV RI VL]H O(V).

 CRQVLdHU aQ aWRPLc VXbIRUPXOa R(YO,..., Y,) RI 0, ZKHUH R LV aQ Q-aU\
 UHOaWLRQ V\PbRO RccXUULQJ LQ T aQd Q > 2. NRWH WKaW HacK YaULabOH YL LV
 HLWKHU [ RU \. FRU HacK VXcK VXbIRUPXOa RI 0, ZH LQWURdXcH a QHZ UHOaWLRQ
 V\PbRO R(Y'O ..'). II bRWK [ aQd \ aUH aPRQJ WKH YaULabOHV YO,..., YQ, WKHQ
 R(YO -YQ) KaV aULW\ 2; LQ WKLV caVH, ZH UHSOacH HYHU\ RccXUUHQcH RI WKH aWRPLc
 IRUPXOa R(YO,... , Y) LQ T b\ WKH aWRPLc IRUPXOa R(YL .. )([, \). II HacK
 YaULabOH YL LV WKH YaULabOH [ (UHVSHcWLYHO\, WKH YaULabOH \), WKHQ R(Y1 VQ") KaV
 aULW\ 1; LQ WKLV caVH, ZH UHSOacH HYHU\ RccXUUHQcH RI WKH aWRPLc IRUPXOa
 R(YO,... , Y) LQ X b\ WKH aWRPLc IRUPXOa R(Y .- YQ)([) (UHVSHcWLYHO\, b\ WKH
 aWRPLc IRUPXOa R(Y'I. "V)(\)). LHW 4W bH WKH VHQWHQcH UHVXOWLQJ IURP WKHVH
 VXbVWLWXWLRQV. SLQcH (ZKHQ cRdHd b\ a IL[Hd aOSKabHW) a IRUPXOa RI OHQJWK
 V caQ cRQWaLQ RQO\ O(V/ORJV) dLVWLQcW aWRPLc IRUPXOaV, LW IROORZV WKaW 4W
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 KaV (V/ ORJV) dLIIHUHQW UHOaWLRQ V\PbROV aQd LV RI VL]H O(V). TR cRPSOHWH
 WKH cRQVWUXcWLRQ RI T', ZH PXVW aSSHQd cHUWaLQ cRQMXQcWV WR ,W aVVHUWLQJ
 WKaW cHUWaLQ aWRPLc IRUPXOaV LQYROYLQJ WKH QHZ UHOaWLRQ V\PbROV R(Y" ,..,Y) aUH
 HTXLYaOHQW WR HacK RWKHU. FRU H[aPSOH, LI WKH aWRPLc IRUPXOaV R([, \, [) aQd
 R(\, [, \) RccXU LQ T5, WKHQ ZH PXVW aSSHQd a cRQMXQcW aVVHUWLQJ WKaW

 (V[) (V\) (R(X')'(X) (X7\) [ R(\'- Y ) (\, X)).

 SLPLOaUO\, LI WKH aWRPLc IRUPXOaV R([, [, [) aQd R ([, \, [) RccXU LQ 4, WKHQ
 ZH PXVW add a cRQMXQcW aVVHUWLQJ WKaW

 (V[)(R(K 'X^) ([) , R([',"[)([, [)).

 FRU HacK aWRPLc VXbIRUPXOa R(YO,... , VQ) RI T VXcK WKaW bRWK YaULabOHV [
 aQd \ aUH aPRQJ WKH YaULabOHV YL, ZH cRQVLdHU WKH aWRPLc IRUPXOa R (Z1,...,
 WQ) RbWaLQHd IURP R(YO,..., Y,) b\ UHSOacLQJ HYHU\ RccXUUHQcH RI [ b\ \,
 aQd HYHU\ RccXUUHQcH RI\ b\ [. II R(ZO,..., Z,) KaSSHQV WR bH a VXbIRUPXOa
 RI T aV ZHOO, WKHQ ZH aSSHQd WKH FO2-VHQWHQcH

 (V[)(V\)(R ...-,V>([, \) (-- R(Z .-. .) (\ X)).

 FLQaOO\, IRU HYHU\ UHOaWLRQ V\PbRO R RccXUULQJ LQ T, ZH ILUVW cRQVLdHU aOO
 aWRPLc VXbIRUPXOaV R(YL,..., Y,)) RI T LQ ZKLcK R RccXUV aQd WKHQ aSSHQd
 aQ FO -VHQWHQcH aVVHUWLQJ WKaW aOO aWRPLc IRUPXOaV RI WKH IRUP R(YO' V..Y) ([, [)
 (RU RI WKH IRUP R(Y - -)([)) aUH HTXLYaOHQW WR HacK RWKHU. TKLV VHQWHQcH LV
 ZULWWHQ aV a c\cOH RI LPSOLcaWLRQV WR aYRLd a TXadUaWLc bORZ-XS. FRU H[aPSOH,
 LI R([, [, [), R([, \, [), R([, [, \) LV a OLVW RI aOO aWRPLc IRUPXOaV RI T LQ
 ZKLcK R RccXUV, WKHQ ZH aSSHQd WKH FO'-VHQWHQcH

 (V[) ((R(XX) ([) R( "([ [)) A
 (R([[)([, [) - R(['[')([, [)) A (R(' ([ [) R( )([))).

 LHW T' bH WKH FO2-VHQWHQcH RbWaLQHd b\ ILUVW aSSHQdLQJ WKH abRYH VHQWHQcHV
 aV cRQMXQcWV WR TW aQd WKHQ cRQYHUWLQJ WKH UHVXOWLQJ VHQWHQcH WR aQ HTXLYaOHQW
 RQH bXLOW XVLQJ A, -, aQd V RQO\. IW LV QRZ HaV\ WR YHULI\ WKaW ?' KaV WKH WKH
 dHVLUHd SURSHUWLHV WKaW ZHUH OLVWHd HaUOLHU. IQ SaUWLcXOaU, T' LV RI VL]H O(V).

 NH[W, ZH dHVcULbH ScRWW'V UHdXcWLRQ. LHW 4' bH a VHQWHQcH RI FO2. FRU HacK
 VXbIRUPXOa \ RI O', ZH LQWURdXcH a QHZ UHOaWLRQ V\PbRO Q,; WKH aULW\ RI Q,
 LV HTXaO WR WKH QXPbHU RI IUHH YaULabOHV LQ \/, ZKLcK PHaQV WKaW LW LV 0, 1,
 RU 2. IQWXLWLYHO\, Q, UHSUHVHQWV WKH UHOaWLRQ cRQWaLQLQJ aOO WXSOHV WKaW VaWLVI\
 Y. WH QRZ QHHd WR "a[LRPaWL]H" WKLV LQWXLWLRQ. TKXV, IRU HacK VXbIRUPXOa
 \ (Y), ZKHUH Y LV WKH WXSOH RI IUHH YaULabOHV LQ \, ZH LQWURdXcH a VHQWHQcH 0,
 RI WKH IRUP

 VY(Q, (Y) - * (Y)),
 ZKHUH 0$, LV aV IROORZV:
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 (1) II V/ LV aQ aWRPLc IRUPXOa, WKHQ 0, LV TL.
 (2) II T/ LV RI WKH IRUP a A /, WKHQ 0$ LV Q,(Y) A QIO(Y).
 (3) II /Y LV RI WKH IRUP --a, WKHQ 0, LV -Q, (Y).
 (4) II T LV RI WKH IRUP VYa, WKHQ 0, LV VYQ, (Y).

 NRWH WKaW LQ WKH ILUVW WKUHH cOaXVHV 0, KaV TXaQWLILHU SUHIL[ V RU W, ZKLOH LQ
 WKH OaVW RQH 0, LV (HTXLYaOHQW WR) a cRQMXQcWLRQ RI a VHQWHQcH RI TXaQWLILHU
 SUHIL[ W ZLWK a VHQWHQcH RI TXaQWLILHU SUHIL[ V3. LHW ?0, bH WKH cRQMXQcWLRQ
 RI WKH VHQWHQcHV 0, IRU aOO VXbIRUPXOaV T/ RI T'. FLQaOO\, OHW 0* bH WKH VHQWHQcH
 QR, A ?0,. IW LV QRW KaUd WR YHULI\ WKaW WKH IROORZLQJ KROdV.

 PROPOSITION 3.1 ([53]). ?' LV VaWLVILabOH LI aQd RQO\ LI * LV VaWLVILabOH. FXU-
 WKHUPRUH, IRU HYHU\ ILQLWH PRdHO RI c* WKHUH a ILQLWH PRdHO RI c' RI WKH VaPH
 caUdLQaOLW\.

 NRWH WKaW LI ' LV RI VL]H V, WKHQ ?* cRQWaLQV O(V) dLIIHUHQW UHOaWLRQ V\PbROV
 aQd LV RI VL]H O(V ORJ(V)). IQdHHd T' Pa\ cRQWaLQ XS WR O(V) VXbIRUPXOaH,
 VR ZH QHHd 0(V) UHOaWLRQ V\PbROV. TKH H[WUa ORJ(V) IacWRU LQ WKH VL]H RI T*
 LV dXH WR WKH IacW WKaW ZH QHHd a QaPH (aQ LQdH[) RI VL]H O(ORJ(V)) IRU WKHVH
 dLIIHUHQW UHOaWLRQ V\PbROV.

 SXSSRVH QRZ WKaW ZH cRPbLQH ScRWW'V UHdXcWLRQ ZLWK WKH SUHYLRXV UHdXc-
 WLRQ, VR WKaW, JLYHQ a FO2-VHQWHQcH ?, ZH aSSO\ ScRWW'V UHdXcWLRQ WR WKH FO2-
 VHQWHQcH T' SURdXcHd b\ WKH ILUVW UHdXcWLRQ. TKXV, JLYHQ aQ FO2-VHQWHQcH T,
 ZH RbWaLQ LQ SRO\QRPLaO WLPH a VHQWHQcH 4* ZLWK WKH IROORZLQJ SURSHUWLHV:

 (1) X LV VaWLVILabOH LI aQd RQO\ LI 4* LV VaWLVILabOH. FXUWKHUPRUH, IRU HYHU\
 ILQLWH PRdHO RI <* WKHUH LV a ILQLWH PRdHO RI Q RI WKH VaPH caUdLQaOLW\.

 (2) EYHU\ UHOaWLRQ V\PbRO RccXUULQJ LQ S* KaV aULW\ aW PRVW 2.
 (3) II V LV WKH VL]H RI 4, WKHQ X* cRQWaLQV O(V) dLIIHUHQW UHOaWLRQ V\PbROV

 aQd KaV VL]H O(V ORJ(V)).
 (4) 0* LV a cRQMXQcWLRQ RI VHQWHQcHV ZLWK TXaQWLILHU SUHIL[HV RI WKH IRUP

 W RU V3.

 ScRWW RbVHUYHd WKaW LI WKH VHQWHQcH 0* LV bURXJKW LQWR SUHQH[ QRUPaO IRUP,
 LW KaV a TXaQWLILHU SUHIL[ RI WKH IRUP W3*. IQ YLHZ RI WKLV, KH cRQcOXdHd
 WKaW WKH VaWLVILabLOLW\ SURbOHP IRU FO2 LV dHcLdabOH, VLQcH LW LV UHdXcLbOH WR
 WKaW RI WKH GRdHO cOaVV. AW WKaW WLPH LW Kad QRW bHHQ dHWHcWHd \HW WKaW,
 cRQWUaU\ WR G6dHO'V cOaLP, KLV dHcLdabLOLW\ SURRI dRHV QRW SHUVLVW LQ WKH
 SUHVHQcH RI HTXaOLW\. TKXV, ScRWW'V SURRI cRYHUV RQO\ FO2 ZLWKRXW HTXaOLW\.
 AV PHQWLRQHd LQ WKH LQWURdXcWLRQ, MRUWLPHU [45] HVWabOLVKHd WKaW FO2 ZLWK
 HTXaOLW\ KaV WKH ILQLWH PRdHO SURSHUW\, ZKLcK LPSOLHV WKaW WKH VaWLVILabLOLW\
 SURbOHP IRU FO2 ZLWK HTXaOLW\ LV dHcLdabOH. AcWXaOO\, MRUWLPHU'V SURRI
 VKRZV WKaW HYHU\ VaWLVILabOH FO2 VHQWHQcH ZLWK HTXaOLW\ KaV a ILQLWH PRdHO
 ZKRVH VL]H LV dRXbO\ H[SRQHQWLaO LQ WKH VL]H RI WKH VHQWHQcH. TKLV \LHOdV, LQ
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 WXUQ, a QRQdHWHUPLQLVWLc dRXbO\ H[SRQHQWLaO aOJRULWKP IRU WKH VaWLVILabLOLW\
 SURbOHP IRU FO2 ZLWK HTXaOLW\.

 IQ ZKaW IROORZV, ZH UH-H[aPLQH ScRWW'V UHdXcWLRQ aQd dHPRQVWUaWH WKaW LW LV
 XVHIXO HYHQ IRU FO2 ZLWK HTXaOLW\. TKH NH\ LdHa LV WR UHIUaLQ IURP cRQYHUWLQJ
 0* WR SUHQH[ IRUPaO IRUP.

 ?4. TKH ScRWW cOaVV. LHW 0 bH a VHQWHQcH RI FO2 ZLWK HTXaOLW\. WH QRWHd
 abRYH WKaW WKH VHQWHQcH 0* LQ PURSRVLWLRQ 3.1 caQ acWXaOO\ bH ZULWWHQ aV a
 cRQMXQcWLRQ RI VHQWHQcHV ZLWK TXaQWLILHU SUHIL[ W RU V3. WH caOO WKH cOaVV RI
 VXcK ILUVW-RUdHU VHQWHQcHV WKH ScRWW cOaVV. SLQcH a cRQMXQcWLRQ RI W VHQWHQcHV
 LV HTXLYaOHQW WR a VLQJOH W VHQWHQcH, ZH Pa\ aVVXPH WKaW HYHU\ VHQWHQcH 0 LQ
 WKH ScRWW cOaVV LV RI WKH IRUP

 P

 (V[)(V\)a([,\) A A(Y[)(3\)PL([,\),
 L=1

 ZKHUH a([, \) aQd IL ([, \), 1 < L < P, aUH TXaQWLILHU-IUHH IRUPXOaV. MRUH-
 RYHU, ZH Pa\ aVVXPH WKaW IRU HYHU\ L < P LW LV WKH caVH WKaW /L ([, \) = [ $ \,
 VLQcH IRU HYHU\ IRUPXOa X([, \) aQd HYHU\ VWUXcWXUH A ZLWK aW OHaVW WZR HOH-
 PHQWV

 A = (V[)(3\)X([, \) - (V[)(3\)([ $ \ A (Z([,[) V ([, \))).

 TKH PaLQ UHVXOW RI WKLV SaSHU LV WKaW WKH VaWLVILabLOLW\ SURbOHP IRU WKH ScRWW
 cOaVV LV VROYabOH LQ QRQdHWHUPLQLVWLc H[SRQHQWLaO WLPH. TKLV UHVXOW LV RbWaLQHd
 b\ HVWabOLVKLQJ aQ H[SRQHQWLaO PRdHO SURSHUW\ IRU WKH ScRWW cOaVV, WKaW LV, HYHU\
 VaWLVILabOH VHQWHQcH LQ WKH ScRWW cOaVV KaV a ILQLWH PRdHO ZKRVH caUdLQaOLW\
 LV aW PRVW H[SRQHQWLaO LQ WKH VL]H RI WKH VHQWHQcH. AOWKRXJK WKLV bRXQd
 LPSURYHV WKH bRXQd LQ MRUWLPHU [45] b\ RQH H[SRQHQWLaO, LW WXUQV RXW WKaW
 WKH SURRI LV acWXaOO\ VLPSOHU WKaQ MRUWLPHU'V. OXU cRQVWUXcWLRQ UHTXLUHV
 a dHOLcaWH KaQdOLQJ RI WKH W\SHV WKaW aUH UHaOL]Hd b\ HOHPHQWV aQd SaLUV RI
 HOHPHQWV LQ PRdHOV RI VHQWHQcHV LQ WKH ScRWW cOaVV. WH VWaUW ZLWK WKH UHOHYaQW

 dHILQLWLRQV.

 DEFINITION 4.1. LHW a bH a UHOaWLRQaO YRcabXOaU\.

 * II [ = ([O,..., XN) LV a VHTXHQcH RI YaULabOHV, WKHQ aQ N-W\SH W([) LQ
 WKH YaULabOHV [ RYHU a LV a Pa[LPaO cRQVLVWHQW VHW RI aWRPLc aQd QHJaWHd
 aWRPLc IRUPXOaV (LQcOXdLQJ HTXaOLWLHV) RYHU WKH YRcabXOaU\ a LQ WKH YaULabOHV
 [O,..., XN. WH RIWHQ YLHZ a W\SH aV a TXaQWLILHU-IUHH IRUPXOa RYHU a WKaW LV
 WKH cRQMXQcWLRQ RI LWV HOHPHQWV.

 * LHW W([O,... , XN) bH a N-W\SH aQd OHW ?([O,... , XN) bH a TXaQWLILHU-IUHH
 IRUPXOa LQ WKH YaULabOHV [O,... , [N. WH Va\ WKaW W VaWLVILHV T LI 0 LV WUXH XQdHU
 WKH WUXWK aVVLJQPHQW WKaW aVVLJQV WUXH WR aQ aWRPLc IRUPXOa SUHcLVHO\ ZKHQ
 LW LV a PHPbHU RI W.
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 * LHW A bH a VWUXcWXUH RYHU WKH YRcabXOaU\ a aQd OHW a = (aO,... , aN) bH
 a VHTXHQcH RI HOHPHQWV IURP WKH XQLYHUVH A RI A. TKH W\SH Wa RI a RQ A LV
 WKH XQLTXH N-W\SH W(]O,... , ZN) WKaW WKH VHTXHQcH a VaWLVILHV LQ A, XQdHU WKH
 aVVLJQPHQW ]L -> aL, 1 < L < N. WH Va\ WKaW a VHTXHQcH a UHaOL]HV a W\SH W RQ
 a VWUXcWXUH A LI Wa = W. -

 SXSSRVH WKaW ZH aUH aWWHPSWLQJ WR cRQVWUXcW a PRdHO RI a VHQWHQcH 0 LQ
 WKH ScRWW cOaVV RYHU a YRcabXOaU\ a. AV HYHU\ UHOaWLRQ V\PbRO LQ a KaV aULW\
 aW PRVW 2, WR dHVcULbH a a-VWUXcWXUH A VXIILcHV WR ILUVW dHILQH LWV XQLYHUVH
 A aQd WKHQ VSHcLI\ WKH 1-W\SHV aQd 2-W\SHV UHaOL]Hd b\ HOHPHQWV aQd SaLUV
 RI HOHPHQWV IURP A. SLQcH 0 Pa\ cRQWaLQ HTXaOLWLHV, LW LV cRQcHLYabOH WKaW 0
 aVVHUWV WKaW cHUWaLQ 1-W\SHV aUH UHaOL]Hd b\ aW PRVW RQH HOHPHQW. FRU H[aPSOH,
 0 Pa\ aVVHUW (aPRQJ RWKHU WKLQJV) WKaW (3\)P(\) A (V[) (V\) (P([) AP(\) --
 [ = \), ZKLcK LPSOLHV WKaW LQ HYHU\ PRdHO RI 0 LI W(]) LV a 1-W\SH cRQWaLQLQJ
 WKH aWRPLc IRUPXOa P(]), WKHQ W(]) LV UHaOL]Hd b\ aW PRVW RQH HOHPHQW.
 SXcK HOHPHQWV aUH VSHcLaO aQd IRU WKLV UHaVRQ ZH UHVHUYH a VSHcLaO QaPH IRU
 WKHP.

 DEFINITION 4.2. LHW A bH a VWUXcWXUH aQd a aQ HOHPHQW RI WKH XQLYHUVH A

 RI A . WH Va\ WKaW a LV a NLQJ LQ A LI a LV WKH RQO\ HOHPHQW RI A WKaW UHaOL]HV
 WKH 1-W\SH Wa RI a RQ A. -1

 IQ JHQHUaO, WKH SRWHQWLaO SUHVHQcH RI NLQJV cUHaWHV RbVWUXcWLRQV LQ cRQ-
 VWUXcWLQJ PRdHOV RI a VHQWHQcH, aV cRQIOLcWV Pa\ aULVH ZKHQ RQH aWWHPSWV WR
 aVVLJQ a 2-W\SH WR a SaLU RI HOHPHQWV VXcK WKaW RQH RI WKH HOHPHQWV LQ WKH SaLU
 LV a NLQJ. FRU H[aPSOH, cRQVLdHU WKH VHQWHQcH

 (V[)(3\)(W(\) A E([, \)) A (V[)(3\)(W(\) A -E([,\)).

 OQH caQ cRQVWUXcW a PRdHO RI WKLV VHQWHQcH b\ cKRRVLQJ IRU HYHU\ HOHPHQW a
 WZR dLIIHUHQW HOHPHQWV bO aQd b2 RI W\SH W(\), aQd VWLSXOaWLQJ WKaW E(a, b )
 aQd -LE(a, b2) KROd. TKLV cRQVWUXcWLRQ, KRZHYHU, caQ QRW bH caUULHd RXW
 LI WKH VHQWHQcH cRQWaLQV addLWLRQaO cRQMXQcWV LPSO\LQJ WKaW WKH W\SH W(\) LV
 UHaOL]Hd b\ aW PRVW RQH HOHPHQW. IW VKRXOd aOVR bH SRLQWHd RXW WKaW LQ cHUWaLQ
 caVHV WKH SUHVHQcH RI NLQJV caQ bH H[SORLWHd WR HVWabOLVK WKaW WKH cOaVV XQdHU
 cRQVLdHUaWLRQ dRHV QRW KaYH WKH ILQLWH PRdHO SURSHUW\ aQd, IXUWKHUPRUH, WKaW
 WKH VaWLVILabLOLW\ SURbOHP IRU LW LV XQdHcLdabOH. IQdHHd, GROdIaUb'V [23] SURRI
 RI WKH XQdHcLdabLOLW\ RI WKH G6dHO cOaVV ZLWK HTXaOLW\ LQYROYHV aQ HVVHQWLaO XVH
 RI NLQJV. WH QRZ VKRZ WKaW LQ WKH caVH RI WKH ScRWW cOaVV WKH cRPSOLcaWLRQV
 caXVHd b\ WKH NLQJV caQ bH RYHUcRPH, SURYLdHd WKH NLQJV aUH WUHaWHd ZLWK
 "SURSHU caUH aQd UHVSHcW".

 THEOREM 4.3. LHW 0 bH a VHQWHQcH LQ WKH ScRWW cOaVV. II 0 LV VaWLVILabOH, WKHQ
 LW KaV a ILQLWH PRdHO ZLWK aW PRVW 3V2U HOHPHQWV, ZKHUH V LV WKH VL]H RI 0 aQd U
 LV WKH QXPbHU RI UHOaWLRQ V\PbROV RccXUULQJ LQ 0.
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 PROOF. AV VWaWHd HaUOLHU, ZH Pa\ aVVXPH WKaW WKH VHQWHQcH 0 LV RI WKH IRUP
 P

 (V[)(V\)a([,\) AA(V[)(3\)I([,\),
 L=1

 ZKHUH a ([, \) aQd SL ([, \), 1 < L < P, aUH TXaQWLILHU-IUHH IRUPXOaV aQd IRU
 HYHU\ L < P LW LV WKH caVH WKaW L ([, \) O= [ L- \. LHW A bH a PRdHO RI 0,
 OHW K bH WKH VHW RI aOO NLQJV LQ A, aQd OHW P = ^WX : a c A` bH WKH VHW RI aOO
 1-W\SHV UHaOL]Hd LQ A. WH ZLOO VKRZ WKaW 0 KaV a ILQLWH PRdHO RI VL]H aW PRVW

 (P + 1)IKI + 3P(PI - IKI),

 ZKHUH K I aQd _PI VWaQd IRU WKH caUdLQaOLWLHV RI WKH VHWV K aQd P.
 SLQcH A = A/= (V[) (3\) L ([, \), WKHUH H[LVW SNROHP IXQcWLRQV J : A -* A,

 1 < L < P, VXcK WKaW IRU HYHU\ a H A ZH KaYH WKaW A = A'LO IL(a, JL(a)).
 LHW

 P \

 C=KU( I^J(N) NHK`)
 bH WKH UR\aO cRXUW, WKaW LV WKH VHW cRQVLVWLQJ RI WKH NLQJV aQd WKH YaOXHV
 RI WKH SNROHP IXQcWLRQV RQ WKH NLQJV. NRWH WKaW C Pa\ bH HPSW\, VLQcH
 aIWHU aOO A Pa\ bH a "UHSXbOLc" LQ ZKLcK NLQJV dR QRW H[LVW. IQ aQ\ caVH,
 ICI < IKI + PIKI = (P + 1)OKI. LHW Q bH WKH VHW RI aOO 1-W\SHV UHaOL]Hd b\
 WKH NLQJV RQ A, OHW Q = IPI - IQI = \PI - IKI bH WKH caUdLQaOLW\ RI WKH VHW
 P - Q, aQd OHW WO,... , W, bH aQ HQXPHUaWLRQ RI aOO PHPbHUV RI P - Q. FRU
 HYHU\ L < P aQd HYHU\ M < Q, OHW dLM, HLM, aQd ILM bH dLVWLQcW QHZ RbMHcWV WKaW
 aUH QRW PHPbHUV RI WKH XQLYHUVH RI A. WH ZLOO cRQVWUXcW a ILQLWH PRdHO B RI
 0 ZLWK XQLYHUVH WKH VHW B = C U D U E U F, ZKHUH

 D = ^d, O < L <P, < M Q`,

 E = ^H I <L <P,1 < M Q`,

 F = ILM: L <LP, 1 < M < Q`.

 TKH KLJK-OHYHO dHVcULSWLRQ RI WKH cRQVWUXcWLRQ LV aV IROORZV:

 * TKH VWUXcWXUH B ZLOO KaYH H[acWO\ WKH VaPH NLQJV aV A, VLQcH IRU aOO ZH
 NQRZ 0 Pa\ ORJLcaOO\ LPSO\ WKaW cHUWaLQ 1-W\SHV aUH UHaOL]Hd b\ H[acWO\ RQH
 HOHPHQW.

 * TR JXaUaQWHH WKaW B = (V[) (V\)([, \), ZH ZLOO PaNH VXUH WKaW HYHU\
 SaLU RI HOHPHQWV RI B LV aVVLJQHd a 2-W\SH UHaOL]Hd b\ VRPH SaLU RI HOHPHQWV
 LQ A.

 * WH aOVR KaYH WR JXaUaQWHH WKaW HYHU\ HOHPHQW RI B KaV SNROHP ZLWQHVVHV
 IRU WKH IRUPXOaV PL ([, \), 1 < L < P, WKaW LV, IRU HYHU\ HOHPHQW b RI B aQd
 HYHU\ L < P WKHUH LV aQ HOHPHQW b, RI B VXcK WKaW B O= PL (b, bL). TKLV WXUQV RXW
 WR bH WKH PRVW VXbWOH SaUW RI WKH cRQVWUXcWLRQ. TKH NLQJV ZLOO KaYH PHPbHUV
 RI C aV WKHLU SNROHP ZLWQHVVHV, ZKHUHaV PHPbHUV RI C -K ZLOO KaYH PHPbHUV
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 RI C RU PHPbHUV RI D aV SNROHP ZLWQHVVHV. FRU WKH UHPaLQLQJ PHPbHUV RI
 B, SNROHP ZLWQHVVHV ZLOO bH SURYLdHd LQ a cLUcXOaU PaQQHU: PHPbHUV RI D
 ZLOO KaYH NLQJV RU PHPbHUV RI E aV SNROHP ZLWQHVVHV; PHPbHUV RI E ZLOO
 KaYH NLQJV RU PHPbHUV RI F aV SNROHP ZLWQHVVHV; ILQaOO\, PHPbHUV RI F ZLOO
 KaYH NLQJV RU PHPbHUV RI D aV SNROHP ZLWQHVVHV. MRUHRYHU, ZH ZLOO PaNH
 VXUH WKaW IRU HYHU\ b LQ B LI bL aQd bM aUH WZR RI LWV SNROHP ZLWQHVVHV aQd
 QHLWKHU bL QRU b LV a PHPbHU RI C, WKHQ bL : bM. IQ WXUQ, WKLV ZLOO PaNH
 LW SRVVLbOH WR aVVLJQ 2-W\SHV WR SaLUV RI HOHPHQWV RI B ZLWKRXW cUHaWLQJ aQ\
 cRQIOLcWV.

 IW LV QRZ WLPH WR VSHOO RXW WKH IRUPaO dHWaLOV RI WKH cRQVWUXcWLRQ RI B. FRU
 WKLV, ZH PXVW dHVcULbH WKH aVVLJQPHQW RI 1-W\SHV aQd 2-W\SHV RQ B.

 * EYHU\ PHPbHU RI C LV HTXLSSHd ZLWK LWV 1-W\SH LQ A, aQd HYHU\ SaLU RI
 dLVWLQcW HOHPHQWV RI C LV HTXLSSHd ZLWK LWV 2-W\SH LQ A. CRQVHTXHQWO\, WKH
 VXbVWUXcWXUH BI C RI B JHQHUaWHd b\ C cRLQcLdHV ZLWK WKH VXbVWUXcWXUH AO C
 RI A JHQHUaWHd b\ C.

 * FRU HYHU\ L < P aQd HYHU\ M < Q, HacK RI WKH HOHPHQWV dL, HLM, ILM LV
 HTXLSSHd ZLWK WM aV LWV 1-W\SH. NRWH WKaW WKHVH WZR VWHSV RI WKH cRQVWUXcWLRQ
 HQVXUH WKaW A aQd B KaYH H[acWO\ WKH VaPH NLQJV.
 * TKH aVVLJQPHQW RI 2-W\SHV RQ SaLUV RI HOHPHQWV RI B ZLOO IROORZ WKH

 aVVLJQPHQW RI SNROHP ZLWQHVVHV WR HYHU\ PHPbHU b RI B.

 (1) II b LV a NLQJ, WKHQ LWV SNROHP ZLWQHVVHV aUH aOUHad\ SURYLdHd b\
 PHPbHUV RI WKH UR\aO cRXUW C. IQdHHd, LQ WKLV caVH ZH KaYH WKaW AIC =
 A,=O (3\)IO(b, \) aQd, cRQVHTXHQWO\, B ? A1 (3\)I(b, ).

 (2) LHW b bH a PHPbHU RI C - K. FRU HYHU\ L < P, cRQVLdHU WKH YaOXH
 JL(b) RI WKH SNROHP IXQcWLRQ JL RQ b; WKXV, A = IL(b, JL(b)). II JL(b) H C,
 WKHQ B N= /IL (b, JL(b)) aQd VR J (b) caQ VHUYH aV a SNROHP ZLWQHVV RI b IRU WKH
 IRUPXOa OL ([, \). II J (b) ' C, WKHQ LWV W\SH WJ,(K) LV a PHPbHU RI P - Q aQd,
 cRQVHTXHQWO\, W[,(K) = WM IRU VRPH M < Q. IQ WKLV caVH, ZH aVVLJQ WKH HOHPHQW
 dLL aV WKH SNROHP ZLWQHVV RI b IRU WKH IRUPXOa IOL ([, \). MRUHRYHU, ZH HTXLS
 WKH SaLU (b, dLM) ZLWK WKH 2-W\SH W(K,J,(K)) RI WKH SaLU (b, JL (b)) RQ A. NRWH WKaW
 QR cRQIOLcWV aULVH LQ aVVLJQLQJ 2-W\SHV, aV QRQH RI WKH HOHPHQWV RI D LV XVHd
 WZLcH aV a SNROHP ZLWQHVV RI b, aQd WKH 2-W\SH aVVLJQHd LV cRQVLVWHQW ZLWK WKH
 1-W\SH RI dL..

 (3) LHW b bH a PHPbHU RI D, ZKLcK PHaQV WKaW WKHUH LV aQ L < P aQd a
 M < Q VXcK WKaW b = d,L. MRUHRYHU, b UHaOL]HV WKH 1-W\SH WM RQ B. LHW a bH aQ
 HOHPHQW RI A VXcK WKaW WKH 1-W\SH W, RI a RQ A LV HTXaO WR W/. FRU HYHU\ L < P,
 OHW JL (a) bH WKH YaOXH RI WKH SNROHP IXQcWLRQ JL RQ a; WKXV, A = IO, (a, JL (a)).
 WH QRZ dLVWLQJXLVK WZR caVHV. II JL (a) LV a NLQJ, WKHQ ZH aVVLJQ JL (a) aV WKH
 SNROHP ZLWQHVV RI b IRU WKH IRUPXOa OL ([, \). MRUHRYHU, ZH HTXLS WKH SaLU
 (b, JL(b)) ZLWK WKH 2-W\SH W(,,,(a)) RI WKH SaLU (a,JL(a)) RQ A. NRWH WKaW WKLV
 LV cRQVLVWHQW ZLWK WKH aVVLJQPHQW RI 1-W\SHV RQ B aQd WKaW QR cRQIOLcWV aULVH,
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 VLQcH VR IaU WKH SaLU (b, J (a)) KaV QRW bHHQ aVVLJQHd a 2-W\SH RQ B. II J (a)
 LV QRW a NLQJ, WKHQ LWV W\SH RQ A LV a PHPbHU RI P - Q aQd, WKHUHIRUH, LW LV
 HTXaO WR VRPH W\SH WO, I < Q. IQ WKLV caVH, ZH aVVLJQ WKH HOHPHQW HLO aV WKH
 SNROHP ZLWQHVV RI b IRU WKH IRUPXOa OL ([, \). MRUHRYHU, ZH HTXLS WKH SaLU
 (b, HL ) ZLWK WKH 2-W\SH W(a,J,(a)) RI WKH SaLU (a, J (a)) RQ A. NRWH aJaLQ WKaW
 WKLV aVVLJQPHQW LV cRQVLVWHQW ZLWK WKH aVVLJQPHQWV RI 1-W\SHV RQ B aQd WKaW
 QR cRQIOLcWV aULVH LQ aVVLJQLQJ 2-W\SHV, aV QRQH RI WKH HOHPHQWV RI E LV XVHd
 WZLcH aV a SNROHP ZLWQHVV RI b.

 (4) WH UHSHaW WZLcH WKH SUHYLRXV VWHS, ILUVW ZLWK WKH SaLU (E, F) LQ SOacH RI
 WKH SaLU (D, E), aQd WKHQ ZLWK WKH SaLU (F, D) LQ SOacH RI WKH SaLU (E, F).

 (5) USRQ cRPSOHWLRQ RI WKH abRYH VWHSV, HYHU\ HOHPHQW RI B KaV bHHQ
 aVVLJQHd SNROHP ZLWQHVVHV IRU WKH IRUPXOaV IO, ([, \), L < P. IW LV cRQcHLYabOH,
 KRZHYHU, WKaW QRW HYHU\ SaLU RI HOHPHQWV RI B KaV bHHQ aVVLJQHd a 2-W\SH.
 II (b, b') LV VXcK a SaLU, VLPSO\ cKRRVH a SaLU (a, a') RI HOHPHQWV RI A VXcK
 WKaW WKH 1-W\SH RI a (UHVSHcWLYHO\, RI a') RQ A cRLQcLdHV ZLWK WKH 1-W\SH RI b
 (UHVSHcWLYHO\, RI b') RQ B aQd HTXLS WKH SaLU (b, b') ZLWK WKH 2-W\SH W(a,,) RI
 WKH SaLU (a, a') RQ A. TKH cRQVWUXcWLRQ RI B LV QRZ cRPSOHWH.

 NRWH WKaW HYHU\ 1-W\SH aQd HYHU\ 2-W\SH UHaOL]Hd LQ B LV aOVR UHaOL]Hd
 LQ A. SLQcH A O= (V[)(V\)ca([,\), LW IROORZV WKaW B = (V[)(V\)ca([,\).
 MRUHRYHU, B = AP1 (V[)(3\)IOL,([,\), VLQcH WKH cRQVWUXcWLRQ JXaUaQWHHV
 WKaW HYHU\ PHPbHU RI B KaV SNROHP ZLWQHVVHV IRU WKH IRUPXOaV I,([, \),
 L < P. CRQVHTXHQWO\, B LV a PRdHO RI 0. MRUHRYHU, aV SURPLVHd HaUOLHU, WKH
 XQLYHUVH B RI B KaV caUdLQaOLW\ IBI = ICI + 3P(OPI - IKI) < (P + 1)OKI +
 3P(OPI - IKI), aQd P < V. NRWH WKaW [KI < [PI < 2U, ZKHUH U LV WKH QXPbHU
 RI UHOaWLRQ V\PbROV WKaW RccXU LQ 0 aQd V LV WKH VL]H RI 0. TKXV, IB I < 3V2U.-

 IW LV SHUKaSV ZRUWK SRLQWLQJ RXW WKaW LI, LQVWHad RI XVLQJ 3P cRSLHV RI
 HYHU\ 1-W\SH LQ P - Q, ZH Kad aWWHPSWHd WR bXLOd a PRdHO RI 0 XVLQJ 2P
 cRSLHV RI HYHU\ 1-W\SH LQ P - Q, WKHQ WKH cRQVWUXcWLRQ ZRXOd KaYH PHW ZLWK
 VHULRXV RbVWacOHV. IQdHHd, VXSSRVH ZH WaNH C U D U E aV WKH XQLYHUVH RI B
 aQd aWWHPSW WR XVH PHPbHUV RI E aV SNROHP ZLWQHVVHV IRU PHPbHUV RI D,
 aQd YLcH YHUVa XVH PHPbHUV RI D aV SNROHP ZLWQHVVHV IRU PHPbHUV RI E.

 TKHQ cRQIOLcWV Pa\ aULVH LQ aVVLJQLQJ 2-W\SHV, aV ZH Pa\ KaYH aQ HOHPHQW d
 RI D aQd aQ HOHPHQW H RI E VXcK WKaW d aQd H VHUYH aV SNROHP ZLWQHVVHV RI

 HacK RWKHU, bXW dLIIHUHQW 2-W\SHV aUH UHTXLUHd HacK WLPH WR VaWLVI\ VRPH RI WKH
 IRUPXOaV L ([, \), L < P.

 ?5. TKH dHcLVLRQ SURbOHP IRU F02.

 THEOREM 5.1. FO2 KaV WKH H[SRQHQWLaO PRdHOSURSHUW\: WKHUH LV a cRQVWaQW
 c VXcK WKaW HYHU\ VaWLVILabOH FO2-VHQWHQcH 4 KaV a PRdHO RI caUdLQaOLW\ aW PRVW
 2'V, ZKHUH V LV WKH VL]H RI Q.
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 PROOF. GLYHQ aQ FO2-VHQWHQcH 0, ZH caQ UHdXcH LW LQ SRO\QRPLaO WLPH WR
 a VHQWHQcH 0* LQ WKH ScRWW cOaVV VXcK WKaW 0 LV VaWLVILabOH LI aQd RQO\ LI 0* LV
 VaWLVILabOH. MRUHRYHU, IRU HYHU\ ILQLWH PRdHO RI 0* WKHUH LV a ILQLWH PRdHO RI 0
 RI WKH VaPH caUdLQaOLW\. AV VKRZQ HaUOLHU, LI / LV RI VL]H V, WKHQ 0* LV RI VL]H
 O(V ORJ V) aQd KaV aW PRVW V dLIIHUHQW UHOaWLRQ V\PbROV. B\ TKHRUHP 4.3, LI
 ** KaV a PRdHO, WKHQ LW KaV a PRdHO RI caUdLQaOLW\ O(V ORJ V 2V) = 20(V). -H

 DEFINITION 5.2. FRU aQ\ IXQcWLRQ W IURP SRVLWLYH LQWHJHUV WR SRVLWLYH LQWH-
 JHUV, NTIME(W(V)) LV WKH cOaVV RI aOO dHcLVLRQ SURbOHPV WKaW caQ bH VROYHd
 b\ a QRQ-dHWHUPLQLVWLc TXULQJ PacKLQH LQ WLPH W (V), ZKHUH V LV WKH VL]H RI WKH
 LQSXW. WH dHQRWH b\ NEXPTIME WKH XQLRQ, WaNHQ RYHU aOO SRO\QRPLaOV S,
 RI WKH cOaVVHV NTIME(2P(')).
 A dHcLVLRQ SURbOHP A LV NEXPTIME-cRPSOHWH LI LW LV LQ NEXPTIME aQd,

 PRUHRYHU, HYHU\ SURbOHP LQ NEXPTIME caQ bH UHdXcHd WR A LQ SRO\QRPLaO
 WLPH. -

 IQ ZKaW IROORZV, WKH TXaQWLW\ V aOZa\V dHQRWHV WKH VL]H RI WKH JLYHQ LQSXW
 VHQWHQcH.

 THEOREM 5.3. TKH VaWLVILabLOLW\ SURbOHP IRU WKH ScRWW cOaVV LV LQ NTIME
 (20(.Y/LRJ )). FXUWKHU, WKH VaWLVILabLOLW\ SURbOHP IRU FO2 LV LQ NTIME(20(Y)).

 PROOF. LHW 0 bH a VHQWHQcH RI OHQJWK V LQ WKH ScRWW cOaVV (ZLWK HTXaOLW\)
 ZLWK U dLVWLQcW UHOaWLRQ V\PbROV. SLQcH WKHVH UHOaWLRQ V\PbROV KaYH dLVWLQcW
 QaPHV, cRdHd RYHU a IL[Hd aOSKabHW, LW IROORZV WKaW U = O(V/ORJV). B\
 TKHRUHP 4.3, WR cKHcN ZKHWKHU X LV VaWLVILabOH, LW VXIILcHV WR JXHVV a VWUXcWXUH
 A RI caUdLQaOLW\ aW PRVW 0(V2U) = 2cV/ ORJV (IRU VRPH IL[Hd cRQVWaQW c), aQd WR
 YHULI\ WKaW A O= 0. GLYHQ WKaW WKH UHOaWLRQ V\PbROV LQ 0 aUH aW PRVW bLQaU\, a
 VWUXcWXUH RI WKLV caUdLQaOLW\ caQ bH UHSUHVHQWHd b\ a VWULQJ RI OHQJWK 20(/ ORJ V).
 FLQaOO\ LW LV RbYLRXV WKaW WKH YHULILcaWLRQ WKaW A N= 4 caQ bH dRQH LQ WLPH
 2?(V/O?JV). TKLV SURYHV WKH cOaLP IRU WKH ScRWW cOaVV.

 TKH cRPSOH[LW\ bRXQd IRU FO2 IROORZV LPPHdLaWHO\ IURP WKH UHdXcWLRQ WR
 WKH ScRWW cOaVV, aV H[SOaLQHd LQ SHcWLRQ 3. -

 A PaWcKLQJ ORZHU bRXQd IRU WKH VaWLVILabLOLW\ SURbOHP RI WKH ScRWW cOaVV
 (HYHQ ZLWKRXW HTXaOLW\) IROORZV IURP a UHVXOW RI FXUHU [19], ZKR, bXLOdLQJ
 RQ HaUOLHU ZRUN b\ LHZLV [42], HVWabOLVKHd WKaW WKH VaWLVILabLOLW\ SURbOHP IRU
 WAV3 VHQWHQcHV KaV a ORZHU cRPSOH[LW\ bRXQd RI WKH IRUP NTIME(2d"/ ORJ )
 IRU VRPH SRVLWLYH cRQVWaQW d. TR SURYH WKLV, FLLUHU dHVcULbHd a ORJ-VSacH
 UHdXcWLRQ WKaW PaSV aQ\ LQVWaQcH [ RI a dHcLVLRQ SURbOHP A LQ NTIME(2")
 WR aQ W A V3-VHQWHQcH I RI VL]H O(Q ORJ Q) (ZKHUH Q LV WKH VL]H RI [) VXcK
 WKaW 0 LV VaWLVILabOH LI aQd RQO\ LI [ E A. IQ IacW, X LV ZLWKRXW HTXaOLW\ aQd
 cRQWaLQV RQO\ PRQadLc UHOaWLRQ V\PbROV.
 TKLV ORZHU bRXQd RI cRXUVH aOVR aSSOLHV WR FO2 aQd, WRJHWKHU ZLWK TKHR-

 UHP 5.3 LPSOLHV WKH IROORZLQJ cRPSOHWHQHVV UHVXOW.
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 COROLLARY 5.4. TKH VaWLVILabLOLW\ SURbOHP IRU FO2 ZLWK RU ZLWKRXW HTXaOLW\
 LV NEXPTIME-cRPSOHWH.

 NRWH, KRZHYHU, WKaW WKHUH LV a VPaOO JaS bHWZHHQ XSSHU aQd ORZHU cRP-
 SOH[LW\ bRXQdV IRU FO2, ZKLcK cRPHV IURP WKH LQcUHaVH RI WKH IRUPXOa OHQJWK
 IURP V WR O(V ORJ V) LQ WKH UHdXcWLRQ RI FO2 WR WKH ScRWW cOaVV. IW LV QRW cOHaU
 ZKHWKHU WKLV caQ bH aYRLdHd, VLQcH FO2-VHQWHQcHV RI OHQJWK V Pa\ YHU\ ZHOO
 KaYH 0(V) QHVWHd TXaQWLILHUV. TKXV, ZKLOH ZH dR NQRZ WKaW WKH VaWLVILabLOLW\
 SURbOHP IRU FO2 LV LQ NTIME(20?V)), ZH dR QRW NQRZ ZKHWKHU LW LV KaUd
 IRU NTIME(2?(V)), VLQcH WKLV cOaVV LV cORVHd XQdHU OLQHaU UHdXcWLRQV, bXW QRW
 XQdHU SRO\QRPLaO UHdXcWLRQV.2

 WH cRQcOXdH b\ dLVcXVVLQJ WKH dHcLVLRQ SURbOHP IRU cHUWaLQ H[WHQVLRQV RI
 FO2. TKH H[SRQHQWLaO PRdHO SURSHUW\ RI TKHRUHP 5.1 aQd WKH cRPSOH[LW\
 bRXQd RI TKHRUHP 5.3 VXUYLYH (ZLWK WKH VaPH SURRI) LI cRQVWaQW V\PbROV
 aUH aOORZHd LQ WKH XQdHUO\LQJ YRcabXOaU\. IQ WKLV caVH, WKH 1-W\SHV aQd 2-
 W\SHV aOVR UHIOHcW WKH UHOaWLRQVKLS RI WKH HOHPHQWV ZLWK WKH cRQVWaQWV. TKH
 cRQVWaQWV WKHPVHOYHV aUH RI cRXUVH NLQJV. TaNLQJ WKLV LQWR accRXQW WKH SURRI
 RI TKHRUHP 4.3 JRHV WKURXJK ZLWKRXW SURbOHPV. NHYHUWKHOHVV, WKHVH UHVXOWV
 dR QRW H[WHQd WR YRcabXOaULHV cRQWaLQLQJ IXQcWLRQ V\PbROV RI SRVLWLYH aULW\.
 IQdHHd, LW LV NQRZQ WKaW aOUHad\ WKH VaWLVILabLOLW\ SURbOHPV RI FO' ZLWK
 HTXaOLW\ aQd RQO\ WZR XQaU\ IXQcWLRQ V\PbROV, RU RI FO2 ZLWKRXW HTXaOLW\
 aQd MXVW RQH XQaU\ IXQcWLRQ V\PbRO, aUH XQdHcLdabOH (VHH [6]).

 IW VKRXOd aOVR bH SRLQWHd RXW WKaW WKH cOaVV VW A V3 dRHV QRW KaYH WKH
 ILQLWH PRdHO SURSHUW\. IQdHHd, RQH caQ HaVLO\ cRQVWUXcW aQ LQILQLW\ a[LRP (WKaW
 LV, a VaWLVILabOH IRUPXOa ZLWKRXW a ILQLWH PRdHO) LQ WKLV cOaVV b\ H[SUHVVLQJ,
 IRU LQVWaQcH, WKaW a bLQaU\ UHOaWLRQ R LV a OLQHaU RUdHU ZLWKRXW a Pa[LPaO
 HOHPHQW. MRUHRYHU, WKH VaWLVILabLOLW\ SURbOHP IRU WKH cOaVV WV A V3 LV
 XQdHcLdabOH (VHH [41]). TKXV, WKH ScRWW cOaVV LV VLWXaWHd YHU\ cORVH WR WKH
 bRXQdaU\ RI dHcLdabLOLW\/XQdHcLdabLOLW\, aV ZHOO aV WR WKaW RI ILQLWH PRdHO
 SURSHUW\/LQILQLW\ a[LRPV.

 FLQaOO\, ZH QRWH WKaW WKH dHcLdabLOLW\ UHVXOW IRU F02 (bXW QRW WKH ILQLWH
 PRdHO SURSHUW\) caQ bH H[WHQdHd WR F02 ZLWK cRXQWLQJ TXaQWLILHUV [27]. OQ
 WKH RWKHU KaQd, IRU cHUWaLQ RWKHU QaWXUaO H[WHQVLRQV RI FO2 dHcLdabLOLW\ IaLOV
 [26].
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 2IW VKRXOd bH QRWHd WKaW NTIME(2?(')) LV NQRZQ WR bH VWULcWO\ cRQWaLQHd LQ NEXPTIME
 [32].
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