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Syntax:
The set of concepts is given by

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
With .A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

The set of axioms includes: 

- GCIs and RIAs:    ,    C ⊑ D R1 ∘ … ∘ Rn ⊑ R

- Assertions:   ,     C(a) r(a, b)

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic ℰℒ
6

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

(∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)
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Syntax:
The set of concepts is given by

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
With .A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

The set of axioms includes: 

- GCIs and RIAs:    ,    C ⊑ D R1 ∘ … ∘ Rn ⊑ R

- Assertions:   ,     C(a) r(a, b)

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic ℰℒ
6

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

(∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)
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(∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
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(∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
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(∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌



Pushing the Boundaries of Tractable Multiperspective Reasoning: A deduction calculus for Standpoint + | Pageℰℒ

Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 ∘ 𝗁𝖺𝗌𝖯𝖺𝗋𝗍 ⊑ 𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 ∘ 𝗁𝖺𝗌𝖯𝖺𝗋𝗍 ⊑ 𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌

𝗁𝖺𝗌𝖯𝖺𝗋𝗍
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Semantics:  𝒟 = ⟨Δ, Π, σ, γ⟩

The description logic +ℰℒ
7

𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual names⟨N𝖢, N𝖱, N𝖨, N𝖲⟩

𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

⟨N𝖢, N𝖱, N𝖨⟩

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 ∘ 𝗁𝖺𝗌𝖯𝖺𝗋𝗍 ⊑ 𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿

𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌

𝗁𝖺𝗌𝖯𝖺𝗋𝗍

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲⟨N𝖢, N𝖱, N𝖨⟩

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

ϵ′￼′￼ϵ = p ϵ′￼

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

Δϵ′￼′￼ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

Π
Δ

π

ϵ′￼′￼ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩

∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋
𝖳𝗂𝗌𝗌𝗎𝖾

𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾
◊𝖲 𝖯𝗋𝗈𝖼𝖾𝗌𝗌

Vocabulary  of concept, role, individual and standpoint names,  (universal standpoint).⟨N𝖢, N𝖱, N𝖨, N𝖲⟩ * ∈ N𝖲

Towards Standpoint- +ℰℒ
8

Π
Δ

π

ϵ′￼′￼

π′￼′￼

π′￼

ϵ = p

𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍

ϵ′￼

𝖳𝗂𝗌𝗌𝗎𝖾

𝗁𝖺𝗌𝖯𝗋𝗈𝖼𝖾𝗌𝗌
𝖳𝗎𝗆𝗈𝗋

𝖳𝗂𝗌𝗌𝗎𝖾𝖳𝗎𝗆𝗈𝗋, 𝖳𝗂𝗌𝗌𝗎𝖾

)

∃𝖽𝗂𝖺𝗀𝗇𝗈𝗌𝖾𝗌 . 𝖲𝖾𝗅𝖿
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(𝖳𝗎𝗆𝗈𝗋 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾) ∧ ¬□𝖫( (∃𝗉𝖺𝗍𝗂𝖾𝗇𝗍𝖯𝖺𝗋𝗍 . 𝖳𝗎𝗆𝗈𝗋)(p)

Syntax: 
The set of concepts is given by 

 

With . 

The set of axioms includes:  

- GCIs and RIAs:    ,     

- Assertions:   ,     

C ::= ⊤ ∣ ⊥ ∣ A ∣ C1 ⊓ C2 ∣ ∃r . C ∣ ∃r . Self ∣ ⊙s C
A ∈ N𝖢, r ∈ N𝖱, s ∈ N𝖲, ⊙ ∈ { □ , ◊}

C ⊑ D R1 ∘ … ∘ Rn ⊑ R

C(a) r(a, b)

Formulas are  for , : ⊙s (λ1 ∧ … ∧ λn) λi ∈ {ℰ, ¬ℰ} ℰ

Semantics: 𝒟 = ⟨Δ, Π, σ, γ⟩
-  maps each  to an + interpretation γ π ∈ Π ℰℒ
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(1) Normalisation:
- Sharpenings:  

-                        𝗌′￼ ⪯ 𝗌 𝗌1 ∩ 𝗌2 ⪯ 𝗌
- GCIs:

-               □𝗌 (C ⊑ D) □𝗌 (C1 ⊓ C2 ⊑ D)

-       □𝗌 (∃r . C ⊑ D) □𝗌 (C ⊑ ∃r . D)

-        □𝗌 (C ⊑ □𝗎 D) □𝗌 (C ⊑ ◊𝗎D)
- RIAs: 

-               □𝗌 (R′￼⊑ R) □𝗌 (R1 ∘ R2 ⊑ R)
- Concept and role assertions: 

-                  □𝗌 C(a) □𝗌 r(a, b)
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. . .  (26 more rules)

If , then  is satisfiable□* [ ⊤ ⊑ □* [ ⊤ ⇒ ⊥ ]] ∉ 𝒦⊢ 𝒦
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Theorem 6 (Completeness). The deduction calculus is refutation-complete for  knowledge bases.𝕊ℰℒ+

- We prove the existence of a model whenever . □* [ ⊤ ⊑ □* [ ⊤ ⇒ ⊥ ]] ∉ 𝒦⊢

- This model is canonical in a sense but it will typically be infinite.

Decision Calculus for  (Proofs)𝕊ℰℒ+

14
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Conclusions and Future Work
15

Conclusions:
➡ Managing perspectives is interesting in knowledge integration scenarios

➡ Standpoint  is tractableℰℒ+
➡ Decision calculus and datalog-based prototypical implementation

Future Work:
➡ Calculus optimisation and efficient implementations

➡ Reasoning with more expressive languages (eg. )𝒮ℋℐ𝒬
➡ Towards conceptual modelling with standpoints for knowledge integration challenges



The end.



Pushing the Boundaries of Tractable Multiperspective Reasoning: A deduction calculus for Standpoint + | Pageℰℒ

Labels example
17



Pushing the Boundaries of Tractable Multiperspective Reasoning: A deduction calculus for Standpoint + | Pageℰℒ

Labels example
17

 □𝖲[𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾 ⊑ ⊥ ]
 ◊𝖫 [𝖳𝗎𝗆𝗈𝗋] ⊑ □𝖫 [𝖳𝗂𝗌𝗌𝗎𝖾]
 ◊𝖧 [𝖳𝗎𝗆𝗈𝗋] ⊑ □𝖧 [𝖯𝗋𝗈𝖼𝖾𝗌𝗌]

◊𝖲 ¬𝖳𝗎𝗆𝗈𝗋(a)

  ( 𝖫 ∪ 𝖧 ) ⪯ 𝖲

(It could be a Tumor according to someone else)

□𝖫 𝖳𝗎𝗆𝗈𝗋(a)
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 □𝖲[𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾 ⊑ ⊥ ]
 ◊𝖫 [𝖳𝗎𝗆𝗈𝗋] ⊑ □𝖫 [𝖳𝗂𝗌𝗌𝗎𝖾]
 ◊𝖧 [𝖳𝗎𝗆𝗈𝗋] ⊑ □𝖧 [𝖯𝗋𝗈𝖼𝖾𝗌𝗌]

◊𝖲 ¬𝖳𝗎𝗆𝗈𝗋(a)

  ( 𝖫 ∪ 𝖧 ) ⪯ 𝖲

(It could be a Tumor according to someone else)

□𝖫 𝖳𝗎𝗆𝗈𝗋(a)

[𝖯𝗋𝗈𝖼𝖾𝗌𝗌 ⊓ 𝖳𝗂𝗌𝗌𝗎𝖾 ⊑ ⊥ ]
  , 𝖳𝗎𝗆𝗈𝗋𝖫 ⊑ 𝖳𝗂𝗌𝗌𝗎𝖾 𝖳𝗎𝗆𝗈𝗋𝖫 ⊑ 𝖳𝗎𝗆𝗈𝗋

 , 𝖳𝗎𝗆𝗈𝗋𝖧 ⊑ 𝖯𝗋𝗈𝖼𝖾𝗌𝗌 𝖳𝗎𝗆𝗈𝗋𝖧 ⊑ 𝖳𝗎𝗆𝗈𝗋

¬𝖳𝗎𝗆𝗈𝗋(a)

Infer: (It cannot be a Tumor according to anyone)

¬𝖳𝗎𝗆𝗈𝗋𝖫(a)

¬𝖳𝗎𝗆𝗈𝗋𝖧(a)


