Guarded Fragment
Guarded Fragment - Definition

Definition 10

Guarded fragment (introduced by Andréka, van Benthem, Németi), GF, is the
smallest subset of FO such that:

e all atomic formulas belong to GF;
o GF is closed under boolean operations (=, V, A, =, <);

e quantifiers are relativized by atoms: if ¢(x,y) is in GF and ~(x,y) is an
atom containing all free variables of ¢, then

Vy(v(x,y) = ¢(x,y))
and
Ay(v(x,y) A p(x,y))

are in GF. Atoms 7(x,y) are called guards. x,y denote here some tuples
of variables.
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Guarded Fragment
Guarded Fragment: Examples

o Examples of formulas in GF
e Vxy(Rxy — Ryx)
o Vx(Px — Jy(Rxy A Qy))
e Vx(x = x — Jyz(Sxyz A Rxy A Rxz)
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Guarded Fragment
Guarded Fragment: Examples

o Examples of formulas in GF

e Vxy(Rxy — Ryx)

o Vx(Px — Jy(Rxy A Qy))

e Vx(x = x — Jyz(Sxyz A Rxy A Rxz)
o Examples of formulas not in GF

o Ix(Px AVyz(Rxy — Rxz)

o Vxyz(RxyA\Ryz — Rxz)

e Vxy(PxAPy — Exy)
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Guarded Fragment
Guarded Fragment: Examples

o Examples of formulas in GF
e Vxy(Rxy — Ryx)
o Vx(Px — Jy(Rxy A Qy))
e Vx(x = x — Jyz(Sxyz A Rxy A Rxz)
o Examples of formulas not in GF
o Ix(Px AVyz(Rxy — Rxz)
o Vxyz(RxyA\Ryz — Rxz)
e Vxy(PxAPy — Exy)
@ Description logic ALC can be translated to the two-variable guarded
fragment GF?:

Woman M JhasChild.(Male MYhasChild.(Male L/ Blond))
translates to GF? formula:

Wx A Jy(Cxy A My AVx(Cyx — (Mx V Bx)))
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Guarded Fragment

Guarded Fragment: decidability and complexity (review)

o Decidability and complexity of GF (Gradel, 1997):
o GF has the finite model property
o SAT(GF) is 2ExpTime-complete
o SAT(GF?) (and in fact also SAT(GF¥) for arbitrary fixed k) is
ExpTime-complete.
@ Many interesting extensions of GF?, e.g. by fixed point operators, constants,
transitive relations in guards are decidable.
o We will see:
o SAT(GF?4EG) is NexpTime-complete
o FINSAT(GF?+EG) is NexpTime-complete
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